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We evaluate the entanglement entropy of a non-minimal coupling Einstein-scalar theory with two
approaches in classical Euclidean gravity. By analysing the equation of motion, we find that the
entangled surface is restricted to be a minimal surface. The entanglement entropy formula is derived
directly from the approach of regularized conical singularity. On the other hand, by expressing Ricci
scalar of the conical spacetime, we obtain the same result. In addition, we generalize the reduced
geometric approach to Riemann tensor and its derivations.
I. INTRODUCTION
Among the fantastic properties of black holes, grav-
itational entropy is one of the most impressive. After
the ground-breaking work of Hawking[1] demonstrated
the existence of thermal radiation and temperature of
black holes, it is naturally to introduce the so-called
Bekenstein-Hawking entropy, which makes us treat black
holes as actual thermodynamic systems. To understand
the entropy of a black hole, a host of efforts have been
done[2][3] for decades, and an important step among
which is using the entanglement entropy to re-understand
the black hole entropy[4]. Many methods have been de-
veloped after the emergence of this idea[5], including the
conical singularity method[6] which is adopted in this pa-
per.
The boom of studying holographic entanglement en-
tropy (HEE) has started since Ryu and Takayanagi[7, 8]
proposed the formula of HEE as
SHEE =
Amin
4GN
in the context of AdS/CFT duality, where Amin is the
minimal entangled surface extending from AdS bound-
ary to bulk. A rough proof[9] in asymptotic AdS space-
time of Einstein’s theory was given within a short time.
A. Lewkowycz and J. Maldacena[10] verified the entan-
glement entropy formula in minimal coupling Einstein-
scalar theory, generalized the replica trick from quan-
tum field theory to the gravitational theory and also dis-
cussed the physical scenario behind the Ryu-Takayanagi
formula.
But if one extends the minimal coupling scalar theory
to non-minimal coupling with gravity, the calculation will
become much more difficult. On one hand, the scalar be-
haviour near the entangled surface is hard to acquire. On
the other hand, integrating it with geometric quantities
over the effective region is also very complicated. Besides,
a general coupling could be those simple ones, such as
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Rφ2, Rµν∂
µφ∂νφ, or some more complicated ones, such
as RµνR
µν(∂φ)2, RµνρσR
µρ∂νφ∂σφ. However, we can
choose a typical example to illustrate the crucial point.
Thus adding the term ξRφ2 to the action should be a
good point.
We mainly show how this non-minimal coupling con-
tributes to entanglement entropy. Two equivalent ap-
proaches — conical singularity regularization approach
and reduced geometric quantities approach — are used
here, both of which come from the conical singularity
method. Dealing with equations of motion, we obtain
the restriction of entangled surface, which is a minimal
surface. Our analysis in this non-minimal coupling form
could be naturally generalized to the cases of linear com-
binations of Riemann tensor and its derivations with sec-
ond approach.
II. METHOD
There is more than one method to evaluate
U(1)−geometric entanglement entropy of horizon under
the Euclidean formalism. We will employ the conical
singularity method [6, 10–13] since it can deal with the
action and, a step further, the entanglement entropy di-
rectly with completely known fields and geometry. More-
over, once recognizing the AdS/CFT duality with a true
asymptotic boundary, one could also calculate the holo-
graphic entanglement entropy even though the mecha-
nism of duality generally remains unknown. Here we
mainly concentrate on the black hole entanglement en-
tropy.
In [10], entanglement entropy formula has been put
forward with replica trick following the same procedure
in field theory[14]. Consider, in Euclidean frame, a
codimension-two closed surface, denoting B, which con-
tains all or part of the boundary in spacetime M with
U(1) symmetry, which is also a solution of action I.
Replicate this spacetime M into n copies and glue the
surface B of each copy ofM together to form a new space-
time Mn, which is still the solution of action In, with
codimension-two surface Bn consisting of these copies of
surfaces B. Notice that Mn exists a conical singular-
ity while M is smooth. Then the entanglement entropy
2formula is
SEE = −n∂n [logZ(n)− n logZ(1)] |n=1 . (1)
For simplicity and convenience, one could modify the for-
mula above for a bit by adding and subtracting an off-
shell functional logZoff(n) whose corresponding geome-
try M˜n is smooth everywhere. Since the functional is
off-shell, one can always set it, to (n− 1) order, as
δ logZ(n) = logZ(n)− logZoff(n) ≈ 0 ,
which implies that the linearized equations of motion
hold, so that the entropy formula now should be writ-
ten as [10]
SEE = −n∂n
[
logZoff(n)− n logZ(1)] ∣∣
n=1
. (2)
Eq.(1) and (2) are our starting point to give entanglement
entropy formula and corresponding to two approaches.
Expanding the metric near the codimension-two sur-
face B with Riemann normal coordinate, the line element
of M in the static case could be read as [10, 15]
ds2 = dxadxa + (hij + 2x
akaij + x
axbQabij)dy
idyj ,
(3)
where index a runs from 1 to 2 with coordinate xa de-
scribing a 2-dimensional surface and i, j runs from 1 to
D − 2 with coordinate yi describing the surface B. No-
tice that the period of Mn is 2pin, which, as mentioned
previously, means that the two-dimensional surface has
conical singularity at the origin while the off-shell met-
ric dose not. As for M˜n, one only need to multiply a
function before the 2-dimensional surface to roll-off the
conical singularity
ds2 = U(r)dr2+r2dτ2+(hij+2x
akaij+x
axbQabij)dy
idyj ,
(4)
where we demand that U(r)|r=0 = n2, U(r)|r→∞ = 1
and U(r) = 1 + (n2 − 1)f(r, a) where f(r, a) is any
smooth function satisfying the conditions above and a
is a small regulator. Therefore, looking at the metric (4)
and omitting the part Bn, in the vicinity of r = 0, we
have induced line element ds˜2|r→0 = n2dr2 + r2dτ2 and
thus the geometry has period 2pin with Zn symmetry,
which smoothes the conical singularity. We could take
U(r) = 1 + (n2 − 1) exp (−r2/a2) which could be sepa-
rated into zeroth order and (n− 1)-order, for example.
On the other hand, dealing with the Riemann tensor
of regularized metric M˜n through a direct computation
and expanding near r = 0, one can get
R =RC +RB + 3kaijk
aij + Γcabg
abkc + ∂ag
ackc
− Γaacgcdkd − kaka + · · · , (5)
where we have omitted the higher order terms because
they are irrelevant to the discussion below. The label
“C” denotes the geometric quantities on two dimensional
regularized conical space with
RC =
U ′
rU2
, (6)
and “B” represents the codimension-two surface. These
are prepared for (2).
On the other hand, to derive the geometric quantity
R on manifoldMn rather M˜n, we could employ the fact
lima→0 M˜n → Mn. Then, the integrating of √gR over
the region M˜n can be separated into two parts — the
contribution near the tip and far away from the tip
lim
a→0
∫
M˜n
dDx
√
gR
= 4pi(1 − n)
∫
B
dD−2
√
h+
∫
Mn/Bn
dDx
√
gR
= 4pi(1 − n)
∫
B
dD−2
√
h+ n
∫
M
dDx
√
gR (U(1) symmetry)
(7)
which can be re-expressed as
(n)R = nR+ 2(1− n)δ(r) . (8)
Obviously, the quantities in right hand side are defined on
manifoldM now with the conical singularity representing
as a delta function which is defined as∫
C
dr rδ(r) = 1 . (9)
Under these condition together with metric (3), we can
give a calculation (1) to obtain entanglement entropy.
III. MODEL SETUP
Generally speaking, a non-minimal coupling action
could be rather complicated. Nevertheless, we can pick
out a simple but representative one to accomplish the cal-
culation of entanglement entropy, and other cases could
be treated analogously. Hence, we choose a relatively
simple Euclidean action as follow
I =
∫
dDx
√
g
[
1
2κ2
(R − 2Λ) + 1
2
ξφ2R
−1
2
gµν∂µφ∂νφ− V (φ)
]
(10)
with the equations of motion
(1 + ξκ2φ2)Rµν − 1
2
[
1 + κ2ξ(1 + 4ξ)φ2
]
gµνR+ Λgµν
=κ2
[
(1 + 2ξ)∂aφ∂bφ−
(
1
2
+ 2ξ
)
gµν(∂φ)
2 + 2ξφ∇µ∇νφ
−gµν
(
V + 2ξ
∂V
∂φ
)]
, (11)
✷φ+ ξRφ =
∂V
∂φ
. (12)
3As mentioned above, geometriesMn andM satisfy these
equations, but M˜n does not. Since δ logZ(n) ≈ −δIn =
0, however, the (n− 1)-order linearized equations of mo-
tion are satisfied by M˜n.
IV. EQUATION OF MOTION ANALYSIS
A. Gravitational Field Sector
In this subsection, we change our convention into [10]
and follow their discussion. The original smooth space-
time is Mn and M∼=Mn/Zn has a conical singularity.
Before analysing equations of motion, we may change
the form of the off-shell metric (4) in complex coordinate
separately as [10, 16]
ds2 = e−2A(z,z¯)dzdz¯
+ (hij + 2x
akaij + x
axbQabij)dy
idyj , (13)
where
A(z, z¯) =
ε
2
log(zz¯ + a2) , ε = n− 1
and a, as a regulator, is a very small positive number.
To do the perturbation, we add the δgµν , δφ to the met-
ric (13) and scalar equation (11). In this way, the metric
and scalar equation will be modified to linear order in
ε or (n − 1)-order. Notice that A and δA are (n − 1)-
order quantities, which should be treated as perturbation
of zz¯- and z¯z-component, so that the perturbation δgzz¯
could be set as zero on the two-dimensional surface. Be-
sides, as a gauge choice, we set δgzz = δgz¯z¯ = 0. Per-
turbation δgµν has apparently a periodicity of 2pi, i.e.
δgµν(τ) = δgµν(τ + 2pi).
Now consider the linearized equation of gravitation.
We could now only focus on the divergent term in
δ[(1 + ξκ2φ2)Rµν ] as the Ricci scalar R and its varia-
tion δR are not divergent since they are related to the
quantities T , δT and φ, δφ, all of which are convergent
when contracting the equations of motion with gµν . By
calculating the variation of Rab, we find that the diver-
gent terms potentially come from second derivative of
δgij respect to label a and the derivative of function A
or δA
(1+ ξκ2φ2)δRab+ ξκ
2δ(φ2)Rab+regular term as r → 0 ,
but the second term is second order which means it could
be neglected. A simple calculation gives
(1 + ξκ2φ2)δRab = (1 + ξκ
2φ2)(kcΓ
c
ab −
1
2
∂a∂bδg)
+ regular term as r → 0 ,
where δg = gijδgij and ka = Tr kaij . Thus considering
the zz- and z¯z¯-component
δRzz ∼ −1
2
∂2zδg + kzδΓ
z
zz = −
1
2
∂2zδg −
ε
z
kz ,
δRz¯z¯ ∼ −1
2
∂2z¯δg + kz¯δΓ
z¯
z¯z¯ = −
1
2
∂2z¯δg −
ε
z
kz¯ ,
one could derive
kz = kz¯ = 0 , (14)
which is exactly the condition for the minimal surface
if we require the U(1)− symmetry of τ for perturbation
and convergence of δRab.
B. Scalar Field Sector
We now continue to analyse the behaviour of scalar
field near the origin. Notice that the Ricci scalar R could
be decomposed as
R = RC +RB + 3kaijk
aij + · · · (15)
under minimal surface condition ka = 0. From equation
of motion of scalar, we could separate it into two parts
near the origin —– one describes scalar field on B and
left part describes the 2-dimensional surface:
✷1φ+✷2φ+ξRCφ+ξRBφ+3ξkaijk
aij−m2φ = 0 , (16)
where V is chosen as 12m
2φ2 and ✷1 and ✷2 represent
the Laplacian on 2-dimensional surface and codimension-
two surface B respectively. With RC = 0 from metric
(3), adopting the method of separation of variables, it
becomes two decoupled equations of motion
✷1ψλ(r, τ) − (λ2 +m2)ψλ(r, τ) = 0 ,
(17)
✷2Yλ(y) + ξR2Yλ(y) + 3ξk
2(y)Yλ(y) + λ
2Yλ(y) = 0 ,
(18)
while φ =
∑
λ ψλ(r)Yλ(y). Under U(1) symmetry con-
dition and static condition, ψλ(r, τ) = ψλ(r) and (17) is
turned into
ψ′′λ +
1
r
ψ′λ − (λ2 +m2)ψλ = 0 , (19)
which gives the solution of modified Bessel function
I0(
√
λ2 +m2r) if (λ2 + m2) > 0, or Bessel function
J0(
√
|m2 + λ2|r) when (λ2+m2) < 0, or ψλ = C log r+D
when exactly λ2 = −m2. With a physical consideration,
we impose C = 0 so that it is a trivial case.
V. ENTANGLEMENT ENTROPY
Back to the formula (2). With the saddle approxi-
mation, the first term is logZoff(n) ≈ −Ioffn , which is the
same action to (10). Also, from the expression (2) and ge-
ometries of M˜n,M at the limit a→ 0, the entropy only
originates from the neighbourhood of the tip of the cone,
measured by b, a small quantity, whose order is less than
a, i.e. b/a → ∞. All of the fields and their derivations
in this action are off-shell. The Ricci scalar R in metric
(4) could be decomposed in the vicinity of origin as (15).
4Seeing that U ′ in (4) is (n2−1)f ′, the integration√gφ2R
of action Ioffn over coordinate r is (n− 1)-order with φ no
lower than zeroth order. Because U ′(r)|n=1 = 0, the only
contribution to the entanglement entropy stems from the
derivative respect to n acting on U ′ if it dose not vanish
as well. Hence the evaluation of this term involving field
φ and function U(r) can be simplified with n = 1 except
for U ′. Furthermore, φ in
√
gφ2R is precisely the solu-
tion of the equations of motion which we have discussed
in Sec. IVB.
we could know by observing the action that there is no
term gives contribution to the entropy except RC in the
integration since the second term in formula (2) would
cancel them. The value of
∫
dDx
√
gR have been shown
in equation (7). This result does not depend on the choice
of regulator a and function U(r).
As seen above, only terms of two derivative of xa re-
spect to metric can give non-zero result and others would
vanishes as we requiring a → 0. Therefore another non-
trivial contribution is the second term in the action (10).
The results appear to rely on the choice of U(r, a). How-
ever, all kinds of regularization actually should give the
same answer as we will discuss later.
Recalling that the integration
∫ √
gφ2R over coor-
dinate τ contributes 2pin, with U(r) = 1 + (n2 −
1) exp
(−r2/a2) setted in Sec. II and the fact b/a→∞,
known scalar field φ composed as
φ(r, τ, y) =
∑
λ1
Aλ1J0(
√
|m2 + λ21|r)Yλ1(y)
+
∑
λ2
Bλ2I0(
√
(m2 + λ21)r)Yλ2(y)
+
∑
λ3
Cλ3Yλ3(y) , (20)
we can acquire the following result after a tedious calcu-
lation,
− n∂n
∣∣
n=1
[
1
2
ξ
∫
M˜n
dDx
√
gφ2R− n
2
ξ
∫
M
dDx
√
gφ2R
]
=− n∂n
∣∣
n=1
[
1
2
ξ
∫
r∼0
dDx
√
gφ2R
]
=4piξ
∑
λ1,λ2
Aλ1Bλ2J0
(
a2
2
ξ1|ξ2|
)
× exp
(
a2
4
(ξ21 + |ξ2|2)
)
Fλ1,λ2
+ 4piξ
∑
λ1,λ2
Aλ1Cλ2e
− a
2
4
|ξ2
1
|Fλ1,λ2
+ 4piξ
∑
λ1,λ2
Bλ1Cλ2e
a
2
2
ξ2
2Fλ1,λ2
+ 2piξ
∑
λ1,λ2
Aλ1Aλ2J0
(
a2
2
√
|ξ21 ||ξ22 |
)
× exp
(
−a
2
4
(|ξ1|2 + |ξ2|2)
)
Fλ1,λ2
+ 2piξ
∑
λ1,λ2
Bλ1Bλ2I0
(
a2
2
ξ1ξ2
)
× exp
(
a2
4
(ξ21 + ξ
2
2)
)
Fλ1,λ2
+ 2piξ
∑
λ1,λ2
Cλ1Cλ2Fλ1,λ2 (21)
where F1,2 and ξi are defined as
F1,2 ≡
∫
B
√
hYλ1(y)Yλ2(y)dy
1 · · · dyD−2 ,
ξ2i = (m
2 + λ2i ), i = 1, 2,
Yλ(y) is the solution of (18) and all of A,B,C are expan-
sion coefficients occur in the expansion of field φ. Ap-
parently, equation (21) depends on regulator a as we de-
sired. Thus we can obtain the entanglement entropy on
the condition of a→ 0
SEE =
A
4GN
+ 4piξ
∑
λ1,λ2
Aλ1Cλ2F1,2 + 4piξ
∑
λ1,λ2
Bλ1Cλ2F1,2
+ 2piξ
∑
λ1,λ2
Cλ1Cλ2F1,2 + 4piξ
∑
λ1,λ2
Aλ1Bλ2F1,2
+ 2piξ
∑
λ1,λ2
Aλ1Aλ2F1,2 + 2piξ
∑
λ1,λ2
Bλ1Bλ2F1,2 .
(22)
Now, although we have obtained the entropy formula,
the procedure (21) seems to depends on the choice of
regularization function U(r, a), and result might be di-
vergent if one takes an inappropriate U(r, a), such as
U(r, a) = r
2+n2a2
r2+a2 [11, 15], which is not convergent enough
comparing with the Bessel functions. Expending φ ac-
cording to Bessel functions gives
φ(r, y) = A(y) + r2B(y) + · · · (23)
However, one could expect the scalar field φ only to be
expanded into the first order, just like all the other quan-
tities. Thus, the higher order terms including r2B(y)
turn out to be irrelevant terms, which implies that the
contribution to the entropy is the integration
1
2
ξ
∫
r∼0
dDx
√
gA2(y)R
=
1
2
ξ
∫
B˜n
√
hA2(y)dD−2y
∫ 2pin
0
dτ
∫ b
0
√
Urdr
√
gRC + · · ·
which is exactly the result (22). Therefore the depen-
dence on regularization should be a misapprehension
due to higher order terms and integration over (0,+∞)
(stems from b/a→∞).
5Moreover, we can also consider another approach —
reduced geometric quantities — to work out the entropy
formula (22) without analysing the divergent behaviour
of the integration. The Ricci scalar has been represented
into the form (8). A direct integration of the non-minimal
coupling term is written as
1
2
ξ
∫
Mn
√
gφ2RdDx =
n
2
ξ
∫
M
√
gφ2RdDx
+ 2pi(1− n)ξ
∫
B
√
hφ(0, y)dd−2y , (24)
one can easily derive the entropy formula (22) from here
together with the solution φ(r, τ, y) (20).
We now reduce the Riemann tensor and the Ricci ten-
sor analogously to R. Expanding the Riemann tensor
under regularized manifold M˜n
Rabcd = R
a
C bcd + · · · ,
Rab = RCab + k
ij
b kaij −Qab + kcΓcab + · · ·
with other components irrelevant, the RaC bcd and RCab
are
RCrr =
U ′
rU
, RCττ =
rU ′
U3
,
RrC ττr = −
rU ′
U3
, RτC rτr =
U ′
rU
.
Integrating Rabcd and Rab over M˜n and letting a→ 0, it
gives rise to [11]
(n)Rµναβ = nR
µν
αβ + (1− n)[
2∑
a,b=1
(naµnaα)(n
bνnbβ)
− (naµnaβ)(nbνnbα)]δ(r) , (25)
(n)Rµν = nRµν + (1− n)(
2∑
a=1
naµn
a
ν)δ(r) , (26)
where the Riemann tensor and its derivations of r.h.s
of two equations above are defined in the spacetime M
and the naµs are the normal vectors orthogonal to sur-
face B. Now we have reduced the Riemann tensor and
its derivations in the conical singularity spacetime Mn
into the conical singularity contributions and geometric
quantities in the original spacetimeM.
It is obviously that the reduced geometric approach is
much simpler than the previous approach. In addition,
the linear combinations of the geometric quantities in a
non-minimal coupling theory are proportional to (n− 1)
and thus the derivative of n respect to the action In
must be acting on the geometric quantities or vanish-
ing. Therefore all of other quantities take n = 1 and
delta functions from linear combinations of the Riemann
tensor and its derivations impose other fields valued on
entangled surface r = 0.
For instance, given the non-minimal coupling term in
an action
I ′ =
1
2
α
∫
M
ddx
√
gGµν∂
µφ∂νφ , (27)
where Gµν = Rµν − 12gµνR is Einstein tensor, (n)Gµν
could be expressed as
(n)Gµν = Gµν + (1− n)(
2∑
a=1
naµn
a
ν)δ(r) − (1− n)gµνδ(r) .
If we insist on U(1) symmetry and the φ remains the
form φ(r, τ, y) =
∑
λAλψλ(r)Yλ(y), it gives rise to
S′EE =piα
∑
λ1,λ2
Aλ1Aλ2ψλ1(0)ψλ2(0)
×
∫
B
dd−2y
√
hhij∂iYλ1(y)∂jYλ2 (y) . (28)
Thus we can see that the reduced geometric approach
does simplify the procedure a lot.
VI. CONCLUSIONS
In this paper, we have derived the entanglement en-
tropy of a non-minimal coupling theory (10). With the
procedure of analysing linearized equations of motion,
we showed that the chosen entangled surface Bn must be
a minimal surface (14). Also, in the vicinity of r = 0,
the scalar field in the equation of motion (16) behaves
as multiplying the functions on the entangled surface by
Bessel functions, modified Bessel functions or constants.
After a series of analyses, we conclude that the deriva-
tive of n respect to non-minimal coupling term must act
on Ricci scalar RC or it will vanish when n = 1 substi-
tutes into the final result and all quantities except RC
could take the n = 1 solution. Then the integration of
the non-minimal coupling term gives the entropy formula
(21).
During the evaluation of the entropy, it seems that
the integration (21) would depend on the specific form
of smoothed regularization function. This semblance
springs from two aspects: the expansion of φ into higher
orders and the step of b/a → ∞. Nevertheless, the inte-
gration is convergent if one integrates after a→ 0, since
the higher order terms are removed. Therefore the se-
quence of the integration and the limit a → 0 is signifi-
cant here.
By re-evaluating the entanglement entropy we have
found that the same result can also be given from the
reduced geometric quantities approach, which is a much
simpler approach without having to analyse the diver-
gence and calculating the integration respect to r because
of the appearance of the delta function δ(r). In addition,
this approach could be generalized to the linear com-
binations of the known reduced geometric quantities —
6expressed as (8) ∼ (26) — with non-minimal coupling to
scalar fields and we give an example (27).
Note that the formula (22) can calculate not only the
black hole entanglement entropy but also holographic en-
tanglement entropy if the spacetime has a true asymp-
totic boundary.
Furthermore, our entropy formula as entanglement en-
tropy has a natural relation with Wald entropy as ther-
modynamic entropy. [11] gave a easy comment on entan-
glement entropy and Wald entropy, while [16] used Wald
entropy to holographic entanglement entropy in the cases
of pure geometric quantities directly. Actually, in our
frame, according to saddle approximation, eq.(1) can be
re-expressed as
SEE = n∂nIn[Rµρνσ]|n=1 − I1[Rµρνσ ]
=
∫
Mn
dDx
√
g
∂In
∂Rµρνσ
∂nR
µρνσ
∣∣∣∣
n=1
− I1[Rµρνσ ]
=
∫
B
dD−2x
√
h
∂In
∂Rµρνσ
∣∣∣∣
n=1
×

 2∑
a,b=1
(naµnaν)(nbρnbσ)− (naµnaσ)(nbνnbρ)

 .
If one identifying the finial line with εµνερσ, this entan-
glement entropy is precisely Wald entropy and it indeed
holds with a mathematical treatment under the metric
(3). Then, when considering scalar fields coupling to lin-
ear combinations of Riemann tensor and its derivations,
this expression reads as
SEE =
∫
B
dD−2x
√
h
∂In[Rµνρσ , φ]
∂Rµρνσ
∣∣∣∣
n=1
×

 2∑
a,b=1
(naµnaν)(nbρnbσ)− (naµnaσ)(nbνnbρ)


+
∫
B
dD−2x
√
h
∂In[Rµνρσ , φ]
∂φ
∂nφ
∣∣∣∣
n=1
.
Expanding φ near the horizon with the form (23) implies
zero contribution and thus it is the same as before. Con-
sequently, the argument remains to hold in the cases of
the linear combinations of the geometric quantities.
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